CSI 783 Computational Quantum Mechanics Handout #7

Many-Electron Atoms

For pure two-body systems, like the hydrogen atom, it is possible to solve the Schroedinger equation
analytically. For systems with few electrons, such as helium, the "many-electron" problem can be
solved more or less exactly. More general many-electron systems cannot be treated with such
precision, however. A majority of the elements in the periodic table are many-electron systems where
the motion of every electron is coupled to the motion of all the other electrons as well as to the
nucleus. To study such systems we have to rely on some approximation method.

1. One-electron Method

One widely used approximation method is the Hartree-Fock method. It is based on the rather natural
approximation that every electron moves in the potential created by the nucleus plus the average
potential of all the other electrons. This assumption leads to the independent-particle model, which
essentially reduces the many-electron problem to the problem of solving a number of coupled single-
electron equations.

1.1 The Hartree Approximation

The single-electron equations are solved in an iterative manner until a chosen level of self-consistent
accuracy is achieved. Hartree made the first calculation based on these ideas by hand in 1928, but
calculations of this type are, of course, best suited for computers.

The Hartree method applied to the ground state of Helium
We write the total wavefunction approximately

Y (r, )=y, (r)w,(r,) (1)
where the one-electron function ¢, satisties the equation

B own 26
_%Vl_r_-i_l/l(rl) v, =€y, (2)

1

and there is a similar equation for ¢, . Hartree chose the potential function ¥ ,(7,) to the
potential energy of the first electron in the field of the average charge distribution, or charge cloud of
electron 2, whose density at any point 7, is —e‘(pz(r2)|2

r i‘1
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The potential energy of electron 1 due to the whole cloud charge is

( 1>=e2fwdr 3)

The integration being throughout all space.

The Hartree equation for ¢, is thus

[ Hop 26 o \wz

This equation can be further simplified because of the fact that ¢, and ¢, are the same, and the
equation for /(r) is then

2 2 1|2
_h_vz_ze +€2J.|Llj(r )| dr' Y=ey (5)
2m r lr—r'|

=€, 4)

The problem becomes: Find the eigenfunction of equation (5) which has the lowest eigenvalue.

Equation 5 is called an integro-difterential equation ( the integration can not be done directly, because
the integrand depends on ¢ ). A method of successive approximation is employed.

_27r .
1. Choose an approximation to ¢ (for example, the function e 64 after normalization).

2. Evaluate the integral in equation (5).

3. The equation becomes an ordinary Schrodinger equation, which can be solved using numerical
methods, and the solution should be a better approximation.

This process is repeated again and again until two successive repetitions yield results which do not
differ significantly. The solution is then said to be self-consistent, and the associated field is called the
self-consistent field (SCT).

For the approximate energy of the ground state

E=[V'HYdT
7 e
_Jlftl/ (r))w 7”2 (V?+V§)—2——2—+— wi(r)w,(ry)drdr,
ry ry T (6)

=2e— ffe|w| ‘Lprz‘drdrz

The error is only two thirds of that obtained by the variational method. From the point view of the
variational principle, the Hartree wavetunction is the best wavefunction of the simple product from
(1). The error is due essentially to the fact the electrons do not move independently, which is

neglected in the Hartree method. Owing to their mutual repulsion, the electrons tend to avoid each

Prof. HW. Sheng March 18, 2008



CSI 783 Computational Quantum Mechanics Handout #7

other, and their motion is said to be correlated. Electron correlation is not considered in the Hartree method.

The Hartree Method in General

In the case of N-electrons, each electron is supposed to move in the field of the nucleus and that due
to the charge cloud of all the other electrons:

e S [l

J#i |r -r |

(7)

The Hartree equations for the system now become

2
_I e 2 zzf“” rw,(r)=ew,(r) i=1,2,...,N. ®)
2m J#i

These equations are called the Hartree equations. We choose a set of approximate /; (1s, 2s, 2p and
so on) and with them calculate the N potential functions.

The approximate total wavetunction is now taken to be

‘I’Zwl("l)tlfz("z)---(l/;v(";v) (9)
The total energy is
E:f‘I’*H‘I’
:f fq/1("1) W;(”N)[_Z;(zh_m lzze” ey (ry)drger,

dr+122ffw (F)=wilr)w,(r)drd. o)

i j#FI ij

—ze—§ZZI Je “for Pl (r) Y drdr,

i j#t

—Ze——ZZJU

i j#i

The total energy is the sum of the one-electron eigenvalues minus the average interaction of
electrons.

1.2 The Hartree-Fock Method

The Hartree-Fock approximation is an extension of the above Hartree approximation to include the
permutation symmetry of the wavefunction which leads to the exchange interaction.

The many electron wavefunction ¥ is a Slater determinant (an antisymmetric linear combination
of products of spin orbitals).
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(11

Why is it an approximation?

By approximating the many electron wavefunction with a single determinant, we neglect Coulomb
correlations, i.e., the Hartree-Fock Method does not take account of electron correlation effects. (but
we will see it inclues correlations of another sort. These correlations among the positions of electons
with parallel spins only, and are due, not to the Coulomb force, but to the Pauli exclusion principle).

The solution of the Hartree-Fock method is the Slater determinant that results in the lowest
Hartree-Fock energy, i.e. This is the best 1-determinanal wavefunction that exists.

E=[Y'AYdr=IN\[¥ ¥ dT (12)
E=Zf<l>,*(x,-)[;h Vi+v( )lqb d x
NN " ) (13)
ST S [0 ()b o, = b5 e, b, ()| ) b (o, d e
E=Zf¢>,-*(x) _—#Vf+V(x,-)l<l>,»dx,~
IZ gff b, (x,F|d x,d x, (14)
__ZZJ'Ie (x.) xi)ql)i(xi)d)j(xj)dxidxj

i j#Ei

If ¢, and ¢; have the same spin

)3 ff . v (r)wi(r)w,(r)w, () d rid rled() led (€
PN (15)
:fI%(p:(l‘j)l,l/:("i)‘l/i("i)wj(rj)dr"drj

If ¢, and ¢; have the opposite spins

> He ) wi(r)w(r)w,(r)drdr;alC)B(C,)a(T,)B(C,)=0 (16)

g, ¢;==1
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Following exactly the same method of minimizing the expectation value of H with respect to the
one-electron wavefunctions as was used in the derivation of the Hartree equations, results in the
following set of one-electron equations, the Hartree-Fock equations:

h_ 2_ 2¢° zzj‘|‘ll ,r zzassj‘(lf )dr w,(r) n

2m J#i J#i |l" r |

=€y (r)

where s, labels the spin of particle i. The Hartree-Fock equations are often written
Fy=cy, (18)
where 13'1. is called the Fock operator, i=1,...,N .

The extra term in these equations, when compared to equation (8), is known as the exchange term
and is only non-zero when considering electrons of the same spin. The effect of exchange on the
many-body system is that electrons of like spin tend to avoid each other. As a result of this, each
electron has a ““hole" associated with it which is known as the exchange hole (or the Fermi hole). This is
a small volume around the electron which like-spin electrons avoid. The charge contained in the
exchange hole is positive and exactly equivalent to the absence of one-electron.

Exchange charge distribution (fictitious) , whose density at 7, is:

e i (l’j("z)(l/i(”z)(ll‘,(rl)
J (spin j = spin i) Y, ( r,
the total exchange charge is e Z J‘ l.U I'z )l,U (rl) dr=c (why?)

J(spin j = spin i) z ( rl)

Furthermore, the exchange charge density at 7, obtained by putting r,=r, is

N

e 2w, r)f (19)

J(spinj = spin i)

Which is equal in magnitude, but opposite in sign, to the average charge density of electrons with
spins parallel to that of electron at

Correlation energy
Ecorr = Enorel - E HF (20)

Koopman's theorem

Prof. HW. Sheng March 18, 2008



CSI 783 Computational Quantum Mechanics Handout #7

We may assume that the functions ¢; are essentially unchanged after the removal of a single
electron. Now we have seen that a given ¢/; only appears in the expression for E through the terms
shown in equation (14). If an electron in the state ; is removed, then the total energy must be
reduced by the energy of €; . The result is generally known as Koopman's theorem: The orbital
energy €; can be shown to be a good approximation to the negative of the energy needed to ionize a close-
shell atom by removing an electron from spin-orbital i.

1.3 Slater Type Orbitals

For atoms, the Hatree-Fock equations can be solved numerically if it is assumed that the electron
distribution is spherically symmetrical. For hydrogenic atoms, the analytical form of the
wavefunctions can be written

=R, (r)Y,(0,¢) 21)

The radial functions obtained from the hydrogen atom can not be used directly for many-electron
atoms due to

1. The screening of the nuclear charge by the inner-shell electrons. (an orbital exponent can be
used as a remedy).

2. The hydrogen atom functions are not particularly convenient is large system orbital
calculations due to their complicated form.

Slater (1930) suggested a simpler analytical form for the radial functions

R,(r)=Nr"e™*’ (22)
n+1
where N is the normalization factor N = (%ZC))' , n is the principle quantum number, T the
n)!

orbital exponent. These functions are universally known as Slater type orbitals (STOs). A Slater orbital
replaces the polynomial in rin a hydrogenic orbital with a single power of 7 Hence, a single Slater
orbital does not have the proper number of radial nodes and does not represent well the inner part of
an orbital.

Slater provided a series empirical rules for choosing the orbital exponents, which are given by

_Z—0
n*

c (23)

Z is the atomic number and o is a shielding constant. n* 1is an effective principle quantum
number, which takes the same as the true quantum number for n=1,2,3 but for n=4,5,6 has the
values of 3.7, 40, 4.2 respectively.

1.4 The Roothaan-Hall Equation

Prof. HW. Sheng March 18, 2008



CSI 783 Computational Quantum Mechanics Handout #7

We shall considered initially a closed-shell system with N electrons in N/2 orbitals. The derivation of
the Hatree-Fock equations for such as system was first proposed by Roothaan and (independently)
Hall (1951). Unlike the integro-difterential equations, Roothaan and Hall recast equation (12) in
matrix form.

The Hatree-Fock orbitals are represented as linear combinations of a complete set of known
tunctions, called basis functions. A commonly used set of basis functions for atomic HF calculaitons is
the set of Slater-Type orbitals. Accurate representation of a many-electron atomic orbital (AO)
requires a linear combination of several STOs.

K
W=, cib, (24)

Substituting for the corresponding spin orbital X, into equation (13),

Z ¢, b (1)=¢, Z ¢,y (25)

Pre-multiplying each side by (l)u(l) (where ¢, 1is one of the basis functions), and integrating
gives the following matrix equation:

Z e ] (1) drl—ez e ] b (1), (1)dr, (26)

J' d) 1)d r, Is the overlap integral between the basis functions g4 and v , written S,
(they are not necessarlly orthogonal). The element of the Fock matrix are given by
Fuv:f (l)u(l) FI. (I)¢,(1)d r; (more will be given here.. introducing the charge density matrix).

Equation (19) can be conveniently written
FC=SCE 27)

The Fock matrix isa K XK square matrix that is symmetric if real basis functions are used. The
elements of the Fock matrix, which appear on the left side of the equation, depends on the coefticient
matrix ¢ which also appear on the right-hand side of the equation. Thus an iterative method will
be used.

Hv

A common computation scheme for solving the Roothaan-Hall equations is:
1. Calculated the integrals to form the Fock matrix F

Calcualte the overlap matrix §

Diagonalize §

Form S,

Guess, or otherwise calculate, an initial density matrix

- o

Form the Fock matrix using the integrals and the density matrix
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7. Form F'

8. Solve the secular equation to give the eigenvalues E and the eigenvectors C' by diagonalizing
F'

9. Calculate the orbital coefficients, C form C=S§_,,C"’
10. Calculate a new density matrix P from the matrix C.

11. Check for convergence. If the calculation has converged, stop. Otherwise, repeat from (6).

The result of a Hartree-Fock calculation is a set of K orbitals, which K is the number of basis
functions in the calculation. The N electrons are then fed into these orbitals in accordance with the
Aufbau principle, two electrons per orbital. The remaining orbitals do not contain any electrons, these
are known as the virtual orbitals. (more advanced calculations will be discussed later).

| 4f(T orbitals, nevermind their nam es) |

_— ——— — — Howr the nmernoric device works. Reaemnber, each
mew enerzy level [flocr) gets a nevr type of odh tal
(o). Cmenergylevel 1) thewe are st s ot fals.
- (Cnlevel 2 there ave s avd p. Cn lewel 5, there ae s,
Ap(x, ¥, 5) pandd. Onlevel 4, there ave s, p, d and £ & fler
L - thos, it gets weird, S0 apreray; mast wrde the levels
ard their cobatals as showm. Diagonal lines draarn
frormupper Hght cotrer acwoss the diagram shoer the
[ 3doy ve wm xza = | cader intwhich the slecbioms a filled. When 2 line
—_—— — — — leaves the chat going doam ard kft, start a new ine
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2. Post Hartree-Fock methods

In computational quantum mechanics, Post-Hartree-Fock methods are the set of methods developed
to improve on the Hartree-Fock (HF), or self-consistent field (SCF) method. They add electron
correlation which is a more accurate way of including the repulsions between electrons than in the
Hartee-Fock method where repulsions are only averaged.
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In general, the SCF procedure makes several assumptions about the nature of the multi-body
Schrodinger equation and its set of solutions:

e The Born Oppenheimer is inherently assumed. The true wavefunction should also be a
tfunction of the coordinates of each of the nuclei. (more will be touched in the next lecture).

e 'T'ypically, relativistic eftects are completely neglected. The momentum operator is assumed to
be completely classical.

e The basis set is composed of a finite number of" orthogonal functions. The true wavefunction
is a linear combination of functions from a complete (infinite) basis set.

e The energy eigenfunctions are assumed to be products of one-electron wavefunctions. The
eftects of electron correlation, beyond that of exchange energy resulting from the anti-
symmetry are totally ignored.

For the great majority of systems under study, in particular for excited states and processes such as
molecular dissociation reactions, the fourth item is by far the most important. As a result, the term
post-Hartree-Fock method is typically used for methods of approximating the electron correlation of a
system.

Usually, post-Hartree-Fock methods give more accurate results than Hartree-Fock calculations,
although the added accuracy comes with the price of added computational cost, of course.

Configuration Interaction

One way to provide consider the instantaneous electron correlation is “configuration interaction”. The
corrections to the wavefunction will mix in contributions from excited configurations producing
Configuration Interaction.

Two meanings are connected to the term configuration interaction in this context:

e Mathematically, configuration simply describes the linear combination of Slater determinants
used for the wavetunction ¥

e Interaction means the mixing (interaction) of different electronic configurations (states). Due
to the long CPU time and immense hardware required for CI calculations, the method is
limited to relatively small systems.

How to do a Configuration Calculation?
The definition of configuration state function (CSFs) P

1

We express the the true wavefunction to the Schroedinger equation as a linear combination of the
CSFs
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r=> ¢ (28)

Variation of the coefficients ¢, leads to the equation
det(H,.j—ESij)zO (29)

where H =(®,H® ) and S,=(®,HP,) .

Other Post-Hartree-Fock methods will be discussed in the future.

3. L-S coupling (or Russell-Saunders coupling)

For multi-electron atoms where the spin-orbit coupling is weak, it can be presumed that the orbital
angular momenta of the individual electrons add to form a resultant orbital angular momentum L.
Likewise, the individual spin angular momenta are presumed to couple to produce a resultant spin
angular momentum S. Then L and S combine to form the total angular momentum

J=L+S (30)

This kind of combination is visualized in terms of a vector of angular momentum.

Lz

J

L+8
IJ1=Aj(j+1) #

i = total angular .
maomentum quantum ]

— 302 j=1/2
nunther i = 3/2,1/2,-1f2,-3/2 mj = 1/2-1/2

This kind of coupling gives good agreement with the observed spectral details for many light atoms.
(For heavier atoms, another coupling scheme called “ j-j coupling” provides better agreement with
experiment).
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The vector model illustrated above was applied to a single electron, but a similar model can be applied
when multiple electrons contribute to the net angular momentum. If identical electrons are involved,
then proper care must be taken to make sure the combinations produce an antisymmetric
wavefunction upon exchange of identical electrons. For example, consider the electron configuration
of titanium, (Ar)SdQLLSQ. The 4s electrons contribute to a closed shell and the 3d? electrons contribute
the net angular momentum. Under the L-S coupling conditions this gives the following.

n T Z’ These identical electrons
1‘2 o must produce an antisymmetric
wavefunction.

Ll (S =~
|

+2=0,1,2,3,4
B lP —_ lP ; :
_ spin * orbital
+5, =S ‘
— — Since S=1 represents a
12+ 12= 0,1 symmetric spin state, it must

couple with antisymmetric
0,1,2,3,4 orbital states L=1 and L=3

|

—~
1]
>
|

The possibility of J=5 is excluded by symmetry considerations for the identical electrons, but the
other states can be visualized by the vector model.

Spin-orbit interaction is not covered in this class.

4. Term Symbols

The heirarchy of labels for the electrons of multi-electron atoms is configuration, term, level, and
state.

Electron multiplicity 2S+1 : all the spins combine to produce S.
Total orbital momentum L : all the orbital angular momenta couple to produce L

Total angular momentum J : the spin and orbital terms combine to produce J.

Term (S, L); Level (S, L, J); State (S, L,J, m; )

Difterent terms will in general have different energies, and the order of those energies is usually that
given by Hund's rules, although there are exceptions.
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Hund's rules:

1. The term with maximum multiplicity lies lowest in
energy

2. For a given multiplicity, the term with the largest
value of L lies lowest in in energy.

3. For atoms with less than halt-filled shells, the level
with the lowest value of Jlies lowest in energy.

3 %) 2

Influences on Electronic Energy levels

Configurations Terms Levels
1
p 1P N 1ﬁ
S=0 e D 102
S (Singlets) e ]
/ - F
L 3
spad S ’p !
—_— ) - _ : E-P
. . o 012
. — . D == 33
* S=1 = e 2 123
riplets “«‘ 3 1 2,
Hund's | (TyPlets) . F < i3
rule #1 \ 2 234
Spin-spin Orbit-orbit Spin-orbit i Ir—::i':ig
Whe s triolet interaction interaction [qnd's | iNteraction
y s trip —
Why is higher rule #2 -
lower?
angular momentum :':E"L II:rI?nwa:?::tum
i ?
state lower in energy? <tate lowar in
anargy?
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